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Abstract 

Let I be an odd prime and K/k a Galois extension of totally real number fields with Galois 
group G such that K/koo and fc/Q are finite. We give a full description of the algebraic 
structure of the semisimple algebra QG = Quot(AG) for pio-l Galois groups G with AG = 
Z; [[G]] the Iwasawa algebra. We moreover compute the cohomological dimension of the centres 
of the Wedderburn components of QG and state some results on the completion of QG. 



1 Introduction 

We fix an an odd prime number I and a Galois extension K/k of totally real number fields with 
Galois group G such that K/k^ and k/Q are finite. As usual, k^ is the cyclotomic Z/-extension 
of k. Next, the Iwasawa algebra AG = Z/[[G]] denotes the completed group ring of G over 7L\ and 
QG = Quot(Z/[[G]]) is its total ring of fractions with respect to all central non-zero divisors. QG 
finds its way into non-commutative Iwasawa theory via the localization sequence of A"-theory 

-»• K\(KG) -> K\(QG) A K T(AG) -> 

and a determinant map 

Dot : K^QG) -»• Hom^G, (Q? ® Qi QT k ) x ). 

As in the classical case of Iwasawa, Ritter and Weiss link a if-theoretic substitute 13 € KqT(AG) 
of the Iwasawa module X to the Iwasawa L-function which is derived from the S'-truncated Artin 
L-function for a finite set S of places of k containing all archimedian ones and those which ramify 
in K. This Iwasawa L-function lies in the upper Horn-group. Here, as usual, X = G(M/K) with 
M denoting the maximal abelian /-extension of K which is unramified outside S. 

With this, the main conjecture of equivariant Iwasawa theory says 

3! 9 € Ki(QG) : Det(G) = L k d(Q) = 13. 

The uniqueness of G would follow from a conjecture by Suslin being true. This conjecture applied 
to our situation means that SK\(QG) = ker(Det) = 1 (we suppress here the condition on the 
cohomological dimension of the centres which we show to be fulfilled in the last section). 
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Recently (compare [16]), Ritter and Weiss gave a complete proof of this main conjecture up to its 
uniqueness statement whenever Iwasawa's /Lt-invariant vanishes. In [6], Kakde also gave a proof. 
In fact, he does not restrict to 1-dimensional /-adic Lie groups as Ritter and Weiss do but gives 
a proof for higher dimensional admissible /-adic Lie extensions satisfying the conjecture fi = 0. 
Yet, the uniqueness stated and proven in his main conjecture is weaker than in the formulation 
of Ritter and Weiss because he does not consider the Whitehead group K\{QG) but its quotient 
by the reduced Whitehead group SK\{QG). Thus, the question whether is unique in K\{QG) 
is still open. 

Aiming to prove the uniqueness of O, the algebra QG is of decisive interest. Beyond that, it is 
an interesting algebraic object in itself and the results achieved here may be interesting also from 
a purely algebraic point of view because they show that properties of group algebras of finite 
groups do generally not persist when passing to projective limits of such. 

In Section 2, we resolve the structure of the algebra QG for pro-/ Galois groups G. Here, we 
restrict ourselves to the case of pro-/ groups as this is the crucial case for the proof of the main 
conjecture. Roquette (see [17]) showed that for finite /-groups H, the group algebra F[H] over 
a field F of characteristic splits into full matrix rings over fields, i.e. that skew fields do not 
appear in the Wedderburn components of F[H]. Although QG = Quot(Zj[[G]]) is not a group 
algebra, one might expect that there do not occur Schur indices in its structure because G is as 
pro-/ group the projective limit of finite /-groups. However, this is not the case: As we show in 
Section 2, non-trivial Schur indices appear, but the occuring skew fields are all cyclic. We resolve 
the algebraic structure of the Wedderburn components of QG completely. Moreover, we give 
an example in which such a non-trivial case appears as Galois group in the equivariant Iwasawa 
setting. 

In the third section, we consider fields of type Qi{() <S»q 1 OF with ( a primitive /-power root of 
unity and r = Zj. We compute the cohomological dimensions of these fields and their p-adic 
completions for primes p of height 1. Furthermore, we use this to show that the Suslin conjecture 
is true for the completed Q/\G if the completion is not with respect to the prime above /. For 
the completion with respect to /, we are at least able to compute the completion of the skew 
fields underlying the simple components of QG and their residue skew fields. Furthermore, we 
compute the cohomological dimension of the centres of the Wedderburn components of QG. We 
hope that these results might be useful for future work on Suslin's conjecture. 

In this paper, I recollect some results of my PhD thesis. I would like to thank my supervisor 
Jiirgen Ritter who encouraged me to work on this fascinating subject. He was and still is a 
valuable mentor. 
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2 The structure of QG 



In this section, we restrict ourselves to pro-i Galois groups G and compute the structure of QG 
for these groups. 

We again fix an an odd prime number / and a Galois extension K/k of totally real number fields 
with Galois group G such that k/Q and K/k^ are finite. As usual, koo denotes the cyclotomic 
Z;-extension of k and thus G{k 00 /k) = 7L\. Moreover, we set H := G^K/k^) which is a finite 
^-group by the above. Recall that G = H x Y splits with r = 7L\ (see e.g. [15, p. 551]). 

Next, the Iwasawa algebra AG = Z/[[G]] denotes the completed group ring of G over Z; and 
QG = Quot(Z/[[G]]) is its total ring of fractions with respect to all central non-zero divisors. 
There exists an m G N such that Tq = T 1 ™ is a central subgroup of G and with this 

i m -i 

qg= 0(sr o )[ii]y. 

i=0 

Let A be a simple component of the finite dimensional semisimple Qr-algebra QG. Then, A 
corresponds to an irreducible % G i^G (modulo W- twists and the action of the Galois group 
G(Qf/Q/)) by Ae x ^ 0. From now on, we fix a representative x i n the orbit under VF-twisting. 

For the investigation of the structure of A, we need the following property: 
Lemma 1 Let A be a simple component of QG = Q 1 ^ 1 (QTo)[H]'y l ■ Then 

An(QT )[H]^0. 

Proof: First, we know that there exists a primitive central idempotent e 6 QG with A = QGe. 
Furthermore, the tensor product Qf (2>q ; A = Qf <g>Q ; QGe is the direct sum of some simple 
components which correspond to central primitive idempotents e Xv G Q C G for a finite set of 
irreducible Xv G RiG. Thus, we get 

Qf ® Ql A = Qf ® Ql QGe = Q c Ge Xv . 

V 

As the e Xv are exactly the primitive central idempotents lying over e, we conclude e = J2u e x v e A. 
Therefore, by 

E e ^ = E (j^T,^ h ) e(Q c ro)[^], 

we achieve 

e = ^e^ein(Q c r )[4 

V 

Since e G A C QG is invariant under the action of G(Qf/Qj), we get e G (Qro)[-ff] and finally 

eG An(QF )[H}. 
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This proves the lemma. 



□ 



Now, B := An (QTq)[H] is a two-sided ideal of (QTq)[H] (because A is a two-sided ideal in QG) 
and is thus the sum of some Wedderburn components of {QTq)[H\. Because of Ae x / and 

(QT )[H}e x = (QT )[H} £ e( V ) + 0, 

r?|resgx 

there is a Wedderburn component Bq of (Qro)[.ff] in B with B$e x / 0. Clifford theory ([5, 
p. 565]) shows that 

w x -l 

resc (x) = Yl ^ ' 

j=Q 

where 7 J runs through a set of representatives of G/St(r]). Thus, without loss of generality, we 
can assume Boe(r]) / because e x = YlJ=o 1 e { r f 3 )- 

But e(r?) = ^ EfteW^ 1 )^ £ (Q^o)[H\ because 77(F) £ Q,. With 

Gal := G(Q^T /QT ), 

we therefore have 

B = (QT )[H] <V a ) =•■ (Qr )[H]s(r,) 

ere Gal 

and e(rj) is the central primitive idempotent of Bq. Observe that, by the definition of Q^^Tq, 
the Galois group Gal = G(Q Q '^To/QT ) is canonically isomorphic to G(Q/(?/)/Q/). Thus, Gal 
is cyclic because I ^ 2. 

The other Wedderburn components of B belong to the other irreducible characters rf 3 because 
these are exactly the characters not annihilating B. Thus, the structure of B is given by 

v x — l 

B=Q)(Qr )[H]eW J ) 

j=0 

with 

v x = min{0 < j < w x — 1 : rp 3 = rf for some a G Gal}; 

note that v x \ w x . We need v x to avoid that some e(rp 3 ) appears more than once as summand 
of the central primitive idempotents of B. Thus, the choice of v x ensures that the sum is direct. 

By Roquette ([17, Satz 2]), the direct summands of B have trivial Schur index and are thus full 
matrix rings over certain fields. More precisely, we achieve 

B * ©V^ro)^^^) = ©V^roViW!) 

j=0 j=0 
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and 

l m -l l m ~\ fv x -l 

A L 5 y = {QY Q )[H]e{rf j ) ) f 

i=0 \j=0 

r o),,(l)xr ; (l) f- 
i=0 \j=0 J 

Here, we have used for = that, on the one hand, the direct sum is contained in the QrValgebra 
A by the definition of B. On the other hand, this direct sum is, as a two-sided ideal of QG, the 
direct sum of some Wedderburn components. Because A is simple, the equality holds. 

Next, we define 

G := W € Gal : rf = rf <3 for a < j < w x - 1}. 

This group is strongly related to v x : The minimal < j < w x — 1 satisfying the condition 
rf = rf 3 for a a € Gal is by definition v x . 

Proposition 1 Let A be the simple component of QG corresponding to the irreducible character 
X^RiG. Then, 

i=0 \j=0 J 

has centre 

Z{A) = Q L T W * 

with L = Qi(r)) G ° and Gq = {a G Gal : rf = rf' 3 for a < j < w x — I}, as before. 
Moreover, Go is a cyclic group of order ^ . 

Proof: First, we examine Gq. Define a Vx £ Gal via rp Vx = rf v *. Observe that the actions of 7 
and a € Gal commute. Thus, induction yields r/ 7 "" x = rf v * for < n < w x /v x — 1 and therefore, 
by rj ' = 77 ' =73, the order 01 a Vx is w x /v x . 

Furthermore, Go is, as subgroup of the cyclic group Gal = G(Qi(r])/Qi), cyclic. Next, every 
< j < w x — 1 such that there exists a a € Gal with rf = rf 3 is a multiple of v x , otherwise v x 
would not be minimal. Thus, we conclude that u Vx is the generator of Go, we obtain Go = (o~ Vx ). 
Next, we compute the centre of A. To do so, take a central element z = Yl\=o 1 ^7* with 
bi = Y^jLo 1 (^ij £ { r p 3 ) £ B ■ Observe that the i-sum is not orthogonal and thus 

i m -i i m -i i m -i 

lz i Z7 ^j2 ikf = E 6 rV +1 = E 

i=0 i=0 i=0 

This is equivalent to 6j = b{ for all < i < / m — 1, i.e. 

u x — 1 ?i x — 1 



E^~^ 7 )= E^ y ) 

j=0 i=0 
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and thus, because we can read j modulo v x , we have 

Pl 1 ^*- 1 ) = Pi^eW**- 1 ), ... , fc'eir,) = M V ). (1) 

This implies that fyo determines b{. 

Analogously, j Vx z = zj Vx and e(rf Vx ) = e(ry) yield 

Pl Vx e( V ) = foefa) V < i < l m - 1. (2) 

Moreover, the central element z commutes with £(77): 

i m -i i m -i i m -i 

e(r))z = ze( V ) <==> s^brf = ^ brfe^) = Yl M??) 7 " V ■ 

i=0 i=0 i=0 

This is equivalent to e(rj)bi = 6j£(r?) 7 1 = bis(rf ! ) for all < i < l m — 1. Because the primitive 
central idempotents e{rp % ) are orthogonal, i.e. e{rp l ) ■ e{rp 3 ) / iff i = j mod v x , we get 
£{rj)bi = and thus 

hi = V v x \ i 

by e{rj)bi = e(r))Pio and (f ). From now on, we therefore consider z = J2' &«7* with := X^=o t> x |i 

Finally, the central element z commutes with every be(rj) for b <G (QTo)[H}: 

be(r])z = zbe(rf) ^ be(rj)biY = ^ brfbefy) = ^ 6jfe 7 ' £(77)7* 

and thus 

= (te(7/))(M7/)) = (te(r/))(/3 i0 eW) = (fto^))^ 7 "^)) (3) 
for all 6 € (QT )[H] and for all < i < l m - 1, v x \ i. 

To understand this condition, we first consider w x \ i. In this case, the representation 
corresponding to r\ leads to 

D(b)D(/3 i0 ) = D{p i0 )D(b^). 
From the definition of w x , we achieve D(b~< ™ x ) = YD^Y' 1 and 

D(b^ % ) = y*/«'xD(6)y-(</«'x) =: y^^y- 1 

with a matrix 1" G (Q ( ^ ! ^ro) ?) (i) XT; (i) . Observe that Yj is unique up to central elements of 
(Q^ ( ^ro)^(i) xr) (i). Moreover, Y is independent of b because D is multiplicative and thus, even 
though 7™* £ (QT )[#], we see 

D((bcy' Wx ) = D (7^67-^7^07-™*) = D(& 7 " Wx )D(c 7 "" x ). 



This yields 

D(b)D{fto) = D^YD^Yr 1 D(b)(D{fto)Yl) = (D(f3 l0 )Y)D(b). 

Since D is surjective, D (b) runs through {Q^ l ^To)rj(i)xri(i) an d ^(Ao)^ is therefore central in 
(Q < ^ ! ^ro)^(i) xr? (i) . Furthermore, there exists a yi G (Qro)[-ff] with D(yi) = Y{ and j/j can be 
chosen as = because -D is an epimorphism. Thus, for every < i < / m — 1 with w x \ i, 

the element (f3ioe(rj))(yie(rj)) maps to a central matrix in Q^^To • 1. 

Because of ^ Vx e{rj) G A, the centre has to be fixed under the action induced by the conjugation 
by 7^ x , which by construction is equal to the action of a Vx G Go = {<?v x ) on Q^^Tq, i.e. 

(Pioe{v))(yi£(v)) D(p i0 )D( yi ) g Q L r • 1. (4) 

Next, we show that 6^ = for < z < Z m — 1 with v x \ i but w x \ i. Observe that conjugation by 
7^* induces an automorphism on (QTo)[H]e(r]) = (Q^^ro^mx^i) because H is normal in G 
and e{ri) lVx = e^ 7 "*) = e(??). This automorphism fixes the centre of (QT o)[H]e(rj) because for 
z a central element and x G (QTo)[H]£(r)), we have 

~1~ Vx z~f x x = ^~ Vx z-f x x-i~ Vx -f x = ^~ Vx -f x x^~ Vx z-f x = x-f~ Vx zY x - 

Thus, it fixes the centre of (Q^ l ^^o)r)(i)xri(i) j too. But this automorphism does not fix 
(Qro)[i?]e(r/) = (Q^ i( -' ? - ) ro) r? (i) x ^(i) elementwise; we will call it cy x - cr„ x can also be extended 
to an automorphism on (Q^^To),^!)*^^) via its action on every entry of the matrices in 
(Q*^ro) r? (i) x ^(i). This yields the central automorphism c^ x <j~^ of (Q^' n ^o)r 1 (i)xri(i) which, 
by the theorem of Skolem-Noether, is the conjugation by a matrix Y G {Q!^ l ^To) v (i)xri(i) ■ 

Now, we can repeat the above calculations for this case. Let Oi be the automorphism induced by 
7 l and observe that cij = cr l J^ x . This time, we get 

DQP'y* = Y t D(b)fr l ^ £)(6T- i ) = Y-^ D^Y-^' 1 . (5) 
With Yi := Y°' , condition (3) yields 

D(b)D(f3 i0 ) = D^YtDiby^Y- 1 D(6)(D(Ao)^i) = (^(Ao)^)^)^ 1 . (6) 

Because 6 G (Qro)[i?] is arbitrary and D is surjective, we can choose b G (QTq)[H] such that 
£>(&) = a ■ 1 is central and a u ^ ^ a G Q Qi ^r . Now, (6) yields 

al ■ D((3 i0 )Yi = £>(Ao)^ rl l = a^'l • D(Ao)*i 

and thus al • D(/3jo) = a a i 1 • D(/3io) by cancelling YJ. Therefore, we conclude 
for every entry x^ T of D{f3io) and finally £>(Ao) = 0. 

These results are now summarized. Let z = X)' &i7 l w i tn ^ = Sj^o 1 Pij e ( r f' 3 ) G -B be a central 
element of A. We have seen that we can assume Yl' = Yli=ow x \i anc ^ tnat Ao determines bi 
uniquely for each such i. 
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In remains to show the claimed isomorphism for Z(A). We start with the proof that 

ipi :Z(A)^Qi'(Qr )[H]s(r l ) 1 i , 

is a monomorphism of Qro-algebras. First, <pi is the identity on QIV Next, the map (pi ist 
injective because f3ioe(r]) determines b\ by condition (1). Additivity of (p± being obvious, it 
remains to check multiplicity: Let an< ^ 0j7 J £ Z(A). Then 

(E' 6 ^) • vi (EV) = (E Vwy) • (E'&° £ (^) 



= E' ( E '/^(Ad) 7 "') efah* 

\Z/+T=l / 

= E'( E Wu) e ^ 1 - 

\i/+T=i / 



For =, we have used the fact that e(rf) is a central idempotent of (Qro)[i2] and e(rj Wx ) = e{rf)\ 
for = use condition (2). Finally 

** ((EV) • (EV)) - ** (e' ( E v) 

= E' ( E V) 

\i/+r=i / 

= E' ( E '&oM 

and multiplicity is stated. 

The action of j Wx = (j v x) w x/ v x Q n L = <Qi(r]) Gi ' is trivial by the definition of w x . It is clearly 
trivial on QTo, too. This yields the identity 

0'(Q L r o )y = Q L r^. 

Next, we fix Uw x £ ( 2-^0 ) [-Hi an< ^ ~ X as a bove and claim that 

<p : Z(A) -> 0'(Q £ T o )7 i ■ 1 = Q L r^ • 1, 

E'^ ^ E' jD (^) J D(y l )y, 

is an isomorphism of QFo-algebras (compare (4)). Again, ip is the identity on QTq. We can write 

ip as 

ip = D o r y o ipi 

with 

r„ : ®'(Qr )[HWv)Y -> 0'(Qr o )[F]e( ?? )y, 

E Aoe(r/)7' ^ E Pne{ji)Vi£{ri)i i i 
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a monomorphism of additive groups. 

The representation D is here extended to (QFo)[H]e(r])j l by 

d (E'&oefah*) = J^OW. 

which again is a homomorphism. Observe that, in fact, we only need to extend -C I (Qr )[#]£(»?) • 
Thus, the additivity of (p results from the additivity of ipi, r y and D, the injectivity of (p follows 
from the injectivity of ipt, r y and D\(Qr )[H}e(-n)- 

For multiplicity, we have on the one hand 

= £' ( E ' D^D^Dip^Diyr) j f 

\iH-T=i / 



= E' ( E ' D^ vQ )D{p 7ii )D{y v )D{y T ) j f 

\i/+r=i / 

1 E' ( E 'd(md{p«>) j £>(j/i)y. 



1 2 

Here, = is condition (4) together with the fact that w x \ i. For =, we have used that D{y u ) = Y v 
commutes with D(/3 t q) by condition (2) and the definition of Y v . For =, observe that 

D{y v )D(y T ) = Y^ x +t)/w - = D{y v+T ) = D( Vi ). 
On the other hand, we keep in mind that 6j and 7* commute by (2) and compute 



EW)-(eV))=^E'(e / ^)v) 

E' ( E '^oMv)) y ) 



(Dor y 



D (E' ( E '&o&oefa)j y^(r/) 7 ^ 

E ,jD ( E '&>oPto\ Dfaw 

\v+T=i / 



= E'( E 'D{Prt)D0rt))D{ yi )7\ 

Thus, multiplicity is stated. 



It remains to prove that ip is surjective. To do so, take a Wi £ Q l Vq ■ 1 for every < i < l m — 1 
with w x I i. By the surjectivity of D, there exists a Wi € (QFq )[-#]£(??) such that Wi = D(wi). 
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Define f3 i0 € (QT )[H] via D{wi) = D((3 i0 )D(yi). This /3jo determines 6j via (1) uniquely and 
finally z = Yl'^il 1 maps to □ 

Now, we can compute the structure of A. 

Theorem 1 Let A be the simple component of QG corresponding to the irreducible x £ RiG and 
a Vx G Go with (a Vx ) = Go and rf v x = r/ 7 " x . Then 

(i) dim z{A) A = X {1) 2 , 

(ii) A is split by Q^)t w ^, 

(Hi) A has Schur index sd = ^ and 

(iv) A = D nxn with n = and the skew field D is cyclic: 

D ^ ^ (Q®l(v)Y w x},y v xi =: (Q ( Qi(»?)p«'x/Q L p«'x ; av ^ w x) 
i=0 

with L = Qi{n) Go . 

Proof: For (i), let x' be an irreducible Q^-character of St(rf) extending rj such that x = 
ind f^)(x')- Consider Z X ,{A) := Z(A)( X '). From 

%( x ') ® Ql A = (QKx') ® Ql Z(A)) ® Z{A) A *L (Z X ,(A) ® Z{A) A)V (7) 

with r x > appropriately, we conclude Z X >{A) = Z{Q^ x '^Ge x ): First, we show 

QKx') ®o, a = ©; eGal(x0 (2 Qi(x,) G)^ (8) 

with Gal(x') := G(Q^ i( - x '^Tq/ QTq) and 0* meaning summation modulo type W. 

Because x can be regarded as irreducible character of the finite group G/Tq, there exists a rep- 
resentation of x over the fields Qi(x) Q Qz(x') by [17, Satz 1]. Furthermore, the irreducible 
constituents rjj of res^x' 7 are precisely the characters (rf< 3 ) a obtained by the irreducible con- 
stituents rp 3 of res^x- We further recall that the actions of 7 and a commute. Thus, 

= E = E efa^y = e ; € q^g 

because Qi(rj) C Qj(x') by construction and e x <r is therefore a primitive central idempotent of 
Q®i(x')G, i.e. Q^^Ge-^ is a simple component of Q^ X '^G. Hence summation modulo type 
W ensures that the summands of the right hand side are distinct because in [15, Cor, p. 556] 
it is shown that two primitive central idempotents are equal iff the corresponding irreducible 
characters only differ by a W- twist. 

The inclusion 'D' of (8) is true by the following. From [17, Satz 1], we know that n has a 
realization over Q^F and thus over Q^^T D Q^T . This yields that the {rp 3 ) a are 
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absolute irreducible characters of H belonging to Wedderburn components of Qz(x') <8>q, B, recall 
that B = (Q^q 1 (QTo)[H]e(r]' yj ). Therefore, Be x <r ^ and in particular Ae x a 7^ 0. Finally, 
QQ;(x')(7g xCT c Qj(x') <X>q ; A follows. As the Wedderburn components are orthogonal, the direct 
sum of the Q® ; (x ^Ge x <y is also contained in Qi(x') A and the claimed inclusion follows. 

For the other inclusion, observe that Qz(x') ®Q; A C Q®*(x )G carries a natural Gal(x')" ac ti° n 
with fixed points A C QG. Also, ©^eGaifx') (Q^ x ^) e x CT carries this action. As the set of fixed 
points of Q^i^')q = Q;(^') (g)Q QG is exactly QG, the fixed points of the right side make up a 
two-sided ideal of QG. Of course, the fixed points of ®aeGaX(x')^^ X '^ ^) e x" — Qi(x') ®Qi ^ are 
contained in the set of fixed points of Qz(x') ®Q; ^4> i- e - i n -A- Since A is simple, the fixed points 
i n 0CTeGai(x')(^ i< ' X '' ) ^O e x CT are th ere f° re given by A. This implies the equality. 

Thus, the simple components on the left and right side of (8) coincide. Observe that Z x > (A) ®z(A) 
A is a central simple Z x '(yl)-algebra because A is a central simple Z(^4)-algebra (compare [5, 
Hilfssatz 14.2]). Together with (7), this yields 

Z X >(A) ® z{A) A^Q®^Ge x «. 

Now, we compute the centres of the simple components of (8). On the right side, the centres are 
obviously the Z(Q^ l ^ x ^Ge x <r). The simple components of the left side are, by (7), isomorphic to 
the central simple Z x > (yl)-algebra Z X >(A) ®z(A) A. Thus, (8) implies the claimed isomorphism 

Z X ,{A) Z(Q Ql ^Ge x „). 



In [15, p. 555], it is shown that dim^gQ^xOce ^Q^ x '^Ge x = x(l) 2 and thus 

dim z{A) A = d\m. Zx , {A) {Z x t{A) ® Z {A) A) = x(l) 2 

results. 

We turn to the proof of (iv). The theorem of Wedderburn implies that A = D nxn is a full matrix 
ring over a skew field D. The dimension of D over the centre of A is the square s 2 D with sd being 
the Schur index of A. Thus 

X(l) 2 = dim z{A) A = s 2 D n 2 . 

For the computation of D, we use the fact that A = E n for a minimal right ideal E = eA of A and 
D = eAe with e a primitive idempotent of A. Analogously, there exists a primitive idempotent E\ 
of (QT )[H]e{rj) for the minimal right ideal S v = ei(Qr )[H\e(rj) of (QT )[H]e(r]). We have seen 
that (QT )[H]e(r]) is the full matrix ring (Q Qi(,?) ro) r ,(i) x ^(i) and therefore ei(Qr )[i?]e(r?)ei = 
QfoWTo with 

/ 1 ... \ 
... 



£l ^ 



V 



e(Q Qi(,?) ro),(i)x,(i). 



o J 



n 



With R := (Q^T ) v{1)xr){1) == (QT )[H]e( V ), we get 



l m -i 



l m -i 



v x —l 



© (W = © (eiW = © (ei,0,...,0) ©* 
i=o i=o «=o \ v ' 7=0 



7 



and furthermore 



= (ei,0,...,0) 0fl|: 

i=0 \j=0 

/v x -l 

-( £l ,0,...,0)© ©(fiToMAle^jly 

i=0 V J'=° 



ei^£i^(ei,0,...,0) I © I ©fll Y 1 (ei,0, ...,0) 

i m -l / v x -l \ 

= © ( £l ,0,...,0) ©i?( £ r>0,...,0) 7 i 
i=o \ j=o / 

i m -i i m -i 

= ©(^r)v= © (^r)y. 



i=0 



i=0,v x \i 



For = , we have used that conjugation by 7* permutes the Wedderburn components of (QTq )[H], 
i.e. ej <G (QTo)[H]e(r]' y *) = ((5ro)[i?]£(r/ 7 " x *), and thus only the conjugations by 7*, t> x [ i, 
yield nonzero summands. We have seen in (5) that 

D( e r')=w r V 

Therefore, Z?(£i ) (resp. ) is still an idempotent of a minimal right ideal of {Q^ l< ' ri ^o)r](i)xri(i) - 
(QTo)[H]s(ri). Furthermore, it is a primitive idempotent because otherwise {Y~ l D(e[ )Yi) CTl = 
D{e\) is not primitive, a contradiction. 

As primitive idempotent, e[ is a matrix of rank 1 and thus 



e\Re[ 



( CLl 





Or;(l) \ 




a : a e Q^r,, 



I V ... y 



with at least one of the a v 7^ for 1 < v < r?(l). This implies eiReJ = Q^'^Tq as additive 
groups and also 

l m -l w x -l 

£l A £l ^ © Q*Wr y= © Q^^r^V =: A 

i=0,u x |i j=0,u x |i 
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as additive groups. Concerning multiplication in E\Ae\, observe 
eiReJ^Y • eiife^V = e 1 R£f i -y i Ref i 'i i ' 

2 r> -Y _< r> -y-( i+i ') i+i' 3 „ <y-('+*') i+i' 

= eiRe{ Re{ 7 + = eiReJ 7 + 

and = is true because e[ is an idempotent, = follows by R = (QFo)[H]s(rj): As H is normal 
in G, conjugation by 7^"*) fixes the algebra (QTq)[H]. Furthermore, v x \ i ensures that even the 
Wedderburn components of (QTq)[H\ are fixed, i.e. R 7 = R. For = note that R is simple; thus, 
the two-sided ideal Re 1 % R is the whole ring R. 

The direct i-sum in the upper description of e\Ae\ is hence not orthogonal and the multiplication 
rules on e\Ae\ and on Aq coincide. Therefore, E\Ae\ = Aq as QFo-algebras and E\Ae\ is the 
claimed crossed product 

e x Ae x (g«-))rx/^n, s ,7^). 



For e\Ae\ to be a skew field, it remains to prove that the Schur index s of the crossed product 
is equal to [QQiWr^x : Q L T w x] = [Q/(t?) : L] = w x /v x . In this case, e x Ae x ^ D is the skew field 
underlying A and sd = s = w x /v x . 

To show this, let N denote the norm of the field extension QfaWr * / Q L r°x and set 0(7™*) the 
order of j w * in (Q L T W ^) X /N((Q^Wn) x ). We use the fact that the crossed product A is a 
skew field if 0(7™*) equals the degree [Q^'Wr^ : Q L T Wx ] (see [14, (30.7)]). Then, the Schur 
index is s = [Q^T w x : g^r™*] = w x /v x as claimed. 

For an upper bound of 0(7™*), we compute N(7™*) = (j w x) w xhx . This implies that 0(7™*) 
divides w x /v x =: V and thus s < w x /v x . To compute a lower bound, we first identify 

qQiM^x ^ Q uo t(Z,fo][[T]]), 7 W * o 1 + T. 

Now, assume that the order of 7™* is less than w x /v x , i.e. that there exists an a € Quot(Zj[V/][[T]]) 
with N(a) = (1+T)'* where Z< < w x /w x = T. By definition, a = ^ with /(T), #(T) € Z z [r?][[T]]. 
Let £ generate the maximal ideal of Zi[r/] above I. Then, the Weierstrafi preparation theorem 
implies that 

_ £ ni F(T) Ul 
a ~ t n *G(T)u 2 

with F(T) and G(T) distinguished polynomials in Z/[r/][[T]] and m and u 2 units in (Zz[t/][[T]]) x . 
The norm N is now the Galois norm of the field extension Qi(r])/L and thus N(£) generates 
the maximal ideal of the ring of integers 0l of L because the extension is totally ramified. 
Furthermore, the norms of the distinguished polynomials resp. units are distinguished polynomials 
resp. units in o^[[T]]. Applying N to a thus yields 

(l + Ty t = N(a) = Nffl " lN(F(r))N( " l) 
1 ^ ' w N(£)^N(G(T))N(u 2 ) 
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and therefore, with u := u\ju<i G (Z/[?7][[T]]) X , we see 



N(^) n2 N(G(T))(l +Tf = N(f) ni N(F(T))N(«). 



Because (1 + Ty is a unit, the Weierstrafi preparation theorem for Ol[[T]] now implies that 



m = n 2 , N(F(T)) = N(G(T)), and thus that F(T) and G(T) only differ by a unit in (Zi[r]][[T]}) 
We conclude that a G (Z;[r/][[T]]) X . 

We set a = a i^ % with m G Z/[iy] for allz > 1 and ao G (Z/[?7]) x , thus 



with Tr the trace of the field extension Qi(r])/L. Comparing the coefficients on both sides, we 
first see that iV(ao) = 1 and therefore we can assume ao = 1 without loss of generality (otherwise 
divide a by ao 7^ 0, this new a has the same norm as the old one). Next, we consider the condition 
/* = Tr(ai). This equation is now to be read in Qi(rj)/L. Set Qi(rj) =: with ( a primitive 

/-power root of unity. We achieve a\ = ao + aiC + ••• + o; r -iC r 1 with «j G 0l for < i < l r , 
recall l r = [Qjfa) : L]. Thus 



Next, we compute the trace of the powers of (. For this, we look more closely at the field extension 
Qi(Q/L. As Qi(Q is cyclic over Qi, we conclude that L itself is a cyclotomic field L = 
with £ = C r - Thus, the minimal polynomial of C over L is p(X) = X r — £. This implies that 
^Qi {O/L (C) = 0- Analogously, we obtain 



and furthermore, we set i = l u i with < 1 < I for all < i < V . Obviously, we have Qj(C l ) = 
Q/(C r )- With this, we compute 



This is not possible for t < r, and we thus have a contradiction to the assumption that the order 
of 7 Wx was smaller than w x /v x . 

We obtain s > w x /v x and finally sd = s = w x /v x . This shows both (iii) and (iv). 

For the claim (ii), we have seen that Q^Mt w ^ is a maximal subfield of the cyclic skew field D 




= Tr( ai ) = Tr(a + «iC + - + a^-iC r_1 ) 
= l r a + ai Tr(C) + ... + a l r_ 1 Ti(C r - 1 ). 



Tr Qi ( fl) / L (C)=0for all < z < Z 



Tr(0 = Tr Qi(c)/L (C l ) = Tr Ql((l)/L o Tr Qi(f)/(Q;(fl) (C*) 
= T ^(Cn/L(m = ^Tr Q!(cl)/L (C) = 0. 



Therefore, we finally see 



Tr(ai) = l r a , i.e. a = G Z,[t/]. 



and thus is a splitting field of D and A (see e.g. [14, Thm (30.8)]). 



□ 
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Corollary 1 The Q c T -algebra Q C G splits. 



Finally, we give an example of a Galois group G which causes nontrivial Schur indices : 

Let I = 3 and H = (h) be the cyclic group of order 9. G = H x V is determined by the action 
K 1 = h 4 . Define the absolute irreducible constituent rj of res^x by f]{h) = Cg with £9 a primitive 
ninth root of unity, thus St(r/) = H X (7 3 ) and x = ^ n< ^st(r))X' with = rj(h) and x'(j 3 ) = 1- 

Then, X (l) = 3, w x = 3 and Gal = G(Qj(t/)/Qj) = G(Q/(C 9 )/Q0 = (*) with r^)* 7 = (9 = C|- 
Therefore, the action of 7 on rj{H) can be expressed as Galois action: r/(/i) 7 = ??(/i) 4 = f](h) a 
which implies v x = 1 and Go = (c 2 ). 

We achieve that the simple component A of QG determined by x has Schur index sd = w x /v x = 3 
and dimension dim z ^A = x(l) 2 = 9 = s 2 D and is therefore the cyclic skew field 

D = (QQ«(C9) r 3 /Q Q J (Cs) r 3 )(Tt)x = ^2^3) 

with £3 a primitive third root of unity. 

This example can be realized as Galois group over Q according to the situation of the Iwasawa 
extension examined earlier: First, we show that Z/9 x Z/3 can be realized as Galois group over 
Q. With this realization, we then construct a field extension of Q with Galois group G. 

Clearly, Q(C9 + C9 1 ) = Q(i) £ Qoo is a subfield of the cyclotomic Z3-extension Qoo/Q and 
Z/3 = G(Q(Cg + C^^/Q)- For the whole group Z/9 x Z/3, observe that in [11] this is formulated 
as imbedding problem £i/ 3 (G(Q_ c /Q_),7j/9 x Z/3) corresponding to the diagram 

G(Q C /Q) 
v 

Z/9 x Z/3 ^-^Z/3 

with epimorphisms / and if. The problem is whether there exists a surjective homomorphism 
ip : G(Q C /Q) — > Z/9 x Z/3 with / o tp = ip. This is shown to be equivalent to the existence of a 
Galois extension K {1) D Q(Cg + Cg" 1 ) 5 Q with Galois group G(K^)/Q) = Z/9 x Z/3 such that 
the canonical projection G(K {1) /Q) ->• G(Q(Cg + Cg^/Q) coincides with Z/9 x Z/3 ->• Z/3. 

An affirmative answer to this question is given by [11, Cor 6]. To apply this, note that this 
corollary is formulated under the additional assumption that the kernel of / is a pro-solvable 
group of finite exponent prime to the number m(Kn\) of roots of unity in the field K(i) (see [11, 
p. 157]). As Kry\ is of odd index over Q(C 9 + Cg -1 )) we know that Km is totally real and therefore 
m(-KVi)) = 2. Thus, m(K^) is prime to the exponent of the kernel of /. Now, we conclude with 
[11, Cor 6] that this imbedding problem has a proper solution because we may choose a splitting 
group extension Z/9 x Z/3 — > Z/3. 

For the realization of G = H x T = Z/9 x T, consider the diagram with Qm = Q(Cg + Cg 1 )- 
By the above defined action of T on H, we see that is abelian over Qm and therefore 

1 A first such example was given by A. Weiss (unpublished). 
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G^oo/Qoo) = H and G^^/Q) = H x T as desired. Finally, note that if^) is of odd index over 
Q and thus the constructed realization of G is totally real. 

Remark 1 There is the natural question whether the structural results achieved in the present 
chapter can be generalized to non-pro-/ groups. However, already the split case G = H x V 
indicates that this is not possible. When H is an /-group, the Schur indices of the Wedderburn 
components to all irreducible (^-characters x of G with open kernel are trivial, because in this 
case w x = 1. But if H is not an /-group, then the Schur index su of the component corresponding 
to x is essentially only restricted by sn | x(l) (compare e.g. [8]). 



3 Completion and cohomological dimension 

3.1 The completed algebra Q A G 

We again consider pro-/ Galois groups G and use our results on the structure of QG to examine 
the completed algebra Q/\G. Let A be the Wedderburn component of QG corresponding to the 
irreducible Q^-character x and D its underlying skew field. The centre 

Z(D) = Q L T Wx = L ® Ql QT W * ^ L ® Ql Quot(Z,[[T]]) 

is not complete with respect to any p-adic valuation where p denotes the prime ideal (£), (T) 
or (f(T)) for an irreducible distinguished polynomial of Ol[[T]] (with £ E Ol of value 1). For 
example, consider for brevity L = Qj. Then, the sequence a n = Y^=o ^ s Cauchy with respect 
to the Z-adic valuation but does not converge in Quot(Zj[[T]]) C Qi((T)). 

For the examination of Qa,G, we will need the concept of higher dimensional local fields. 

Definition 1 A complete discrete valuation field Q is called n- dimensional local field if there 
exists a chain of fields Q = Q^ n \ Q^" 1 ^, such that Q^ 1 ^ is a complete discrete valuation 
field with residue field QW and is a finite field. 

We first cite an example of higher dimensional local fields, the so-called standard fields (see [20, 
p. 6]). For a complete discrete valuation field F with residue field F, we set 

( oo 

K F := F{{T}} := { V a^T* : a« G F, inf{v F (ai)} > -oo, lim v F (ai) = oo 

(_ oo 

It is a complete discrete valuation field with valuation vk f (Y1 a iT l ) = min{ti^(aj)} and residue 
field F((T)). For a local field F, the fields 

F{{T 1 }}...{{T m }}((T m+2 ))...((T n )), < m < n - 1, 

are n-dimensional local fields. They are called standard fields. 

Now, we can compute the completions of Q L T Wx . 
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Lemma 2 Let X denote a transcendental element over L and Q^T Wx the completion of Q L T Wx 
with respect to the p-adic valuation. Then Q^T Wx is a two-dimensional local field and 

(i) Q^r-x * L ((X)) if p = (T), 

(H) Q^r w x ^ [Jj Z; Z;[[T]]/(/)) ((X)) if p = (/) for an irreducible distinguished polynomial 
f, 

(m) Q L A F W ^L{{T}} if p = (£). 

Proof: The strategy of the proof is to compute the residue fields and then to choose the right 
case of the classification theorem in [20] which classifies higher dimensional local fields up to 
isomorphism. 

We set A 0L F W * = o L [[T]] =: R with £ a primitive /-power root of unity such that Ol = and 
qL F w x ^ Q uot (_R) = . Q. Furthermore, let (.). resp. (.) A denote the localization with respect to 
the prime lying above p resp. the p-adic completion. 

The first case p = (T) is a special case of the second case and we do not give an extra proof here. 

In the second case p = (/) for a distinguished irreducible polynomial /, we see that the valuation 
ring is o := (ol[[T]]) # and therefore 

(Qa) (1) = <W(/) = o/(/) = (L ® Zl H[T]])/{f). 

Because / is as irreducible distinguished polynomial either the monomial T or Eisenstein, (Qa)^ 
is totally ramified over Qi and thus 

(Qa) (0) =F;. 

Hence, we conclude that Q A is a 2-dimensional local field and, moreover, that it is isomorphic to 
{{L® Zl U[T]])/(f)){(X)). 

Finally, we show the third isomorphism for the prime p = (£). Because I is totally ramified in 
Qz(£), the prime ideal above I is generated by, say, 1 = 1 — ^. With the valuation ring o = R 9 , 
we compute 

(Qa) {1) = <W(i - = o/(i - = R./0- -0^ R/0- - = HIT]]- 

This is not yet a field but only the ring of integers of the local field F/((T)). Hence, we achieve 
(Qa)^ 5 F;((T)). By (Z;[£]), = Ol = the coefficient ring of R does not change on passing 

to the localization R, and therefore 

(Q A )« = F,((T)) and (Q A )(°> = F,[[T]]/(T) = F,. 

The classification theorem now implies that Q A is a finite extension of a standard field F{{X}} 
with local field F. 

For the computation of the exact type of Q A , we follow the construction in the proof of the 
classification theorem: 
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First, is a complete discrete valuation field of characteristic and (I) is a prime 

ideal in Oq,{{t}}- The valuation is with respect to I, thus its absolute index of ramification 
is e(Q;{{T}}) := ^q,{{t}}(0 = 1- Furthermore, it has the same residue field Q;{{T}} = F^((T)) 
as Q A . Then [2, II. 5. 6] implies that Q A can be viewed as a finite extension of Q/{{T}}. 

It remains to show that Q A = L{{T}}. To do so, we compare LQ A = Q A and LQi{{T}} = 
L{{T}}. For the ramification index, we have 

e(LQ A /LQ l {{T}}) = e(Q A /L{{T}}) = 1 

because 1 — £ induces the discrete valuations of the two fields. As both fields are complete discrete 
valuation fields we conclude 

[Qa ■■ L{{T}}} =n = e(Q A /L{{T}})f(Q A /L{{T}}) = [Q~a : H{T}}}- 

It therefore follows that the degree of the field extension equals the residue class degree. Finally 

[Qa : L{{T}}] = [Q^ : MF}}] = pF,((T)) : F,((T))] = 1 

implies that Q A = L{{T}} is a standard field. □ 
In particular, we get 

Corollary 2 With the notations of Lemma 2, we get for the residue fields 

(i) Q A T w x = Q L T w x = L if p = (T), 

(ii) Q^T w x = Q^r w x ^ (L ® Zl Zi[[T]])/(f) if p = (/) for an irreducible distinguished polyno- 
mial, 

(Hi) Qj{F w x = QLr w x ^ F,((T)) if p = {£). 

Proof: We have shown this in the proof of Lemma 2. □ 
Corollary 3 The cohomological dimension of the completed field is 

cd(Q^r^) = 3. 

Proof: In the case p ^ (£), this follows directly from the fact that every local field has cohomo- 
logical dimension 2 and [12, Thm (6.5.15)]. 

For p = (£), the claim is stated in [10, end of §3] 2 . □ 

Let D A = Z{D) A ®z(D) D be the completion of D with respect to the p-adic valuation. Then D A 
is a central simple algebra over Z(D A ) = Z(D) A = Q^T w x and [D A : Z(D A )} = [D : Z(D)] = s 2 D 
(see [5, Hilfssatz 14.2]). 

2 A. Weiss has drawn my attention to this paper. 
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Proposition 2 Let D A be as above where the completion is with respect top/ (£). Then 

S#i(Z> A ) = 1. 

Proof: Let D A denote the residue skew field of the completed skew field D A . By the above, 
char (Qj(T w x) = and therefore Q A T w x is perfect. In particular, the field extension Z(D A )/Q A T W * 
is separable. Moreover, we have seen that Q A T w x is a local field. Then the proposition follows 
readily from Korollar 7 in [1]. We only have to substitute k by Q A T Wx and Draxl's skew field D 
is our D A . Observe that local fields are reasonable (verniinftig) . □ 

As these D A are the centres of the Wedderburn components of Q A G, we even have proven 

Corollary 4 Let Q A G be the Iwasawa algebra completed with respect to the prime (T) or (f(T)) 
for an irreducible distinguished polynomial f(T). Then 

SK^G) = 1. 

Now, we consider the case when char(Q A T Wx ) = Z, i.e. the completion is with respect to the 
(f)-adic valuation. Then, Qj(T w x OS Fj((T)) is not perfect. Thus, Z(jT A ) j Q L A Y Wx might not be 
separable and we are no longer in the situation of Draxl's Korollar 7. Yet, the following results 
can be transferred to this situation. 

Proposition 3 Let D A be as above where the completion is with respect to p = (£). Then, D A 
is a skew field with Schur index sd a = sd and its residue skew field D A is commutative. 

Proof: Let M = QWv)r w x = Q®dOr w x be the maximal subfield of 

D = {Q Ql ^r w x/Q L r w *,a Vx , 7 w x), 

i.e. s D = [D : M] = [M : Z(D)}. The prime ideal p = (£) in Z(D) = Q L T w x is generated 
by (1 — £)■ In M/Z(D), this prime ideal is totally ramified and undecomposed. Therefore, 
M ®z{D) Z(D) A = M A is a field of degree [M A : Z(D) A ] = sd- M a is thus a maximal subfield in 
D A because 

Z{D) A C M ® Z(D) Z{D) A C D ® Z{D) Z(D) A = D A . 
In particular, we conclude 

D A = (M A /Z(D A ),a Vx , 1 w *). 

Next, we show that this crossed product has Schur index sp. We again have to check that the 
order o{^ Wx ) in 

Z( j D a ) x /N Ma/(z(d)a) (M a ) x =: Z(D A ) X /N(M A ) X 
is exactly sd- Again, o(j Wx ) divides sd = l r because of N(7 u 'x) = (7 w x) SD . 
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Now, we assume that o{^ Wx ) = l l with t < r. Then, there exists an a G M A such that N(a) = 
^yW X y* _ Therefore, a is integral as j Wx is. Furthermore, the residue fields of M A and Z(D)/ 
coincide as p is totally ramified, i.e. G(M A /Z(D A )) = (o\~) = 1. We achieve 



(Y^f = N(a) = fj 
i=o 



i* _ imy n\ = TT a°V = a SD = a r 



If, as we assume, t < r, then 7™* is an Z-th power. To show that this is not possible, we use the 
isomorphisms Q L A T Wx ^ L{{T}} of Lemma 2 and Qj{T w x 9* Fj((T)) of Corollary 2. Indeed, 

/ 00 \ ' 00 



is a contradiction. 



Finally, we show that D A is commutative. We use valuation theory for the skew field D A , for 
details see e.g. [1, §3]. 



We start with computing [D A : Z(D A )]. For this, let v denote the p-adic valuation of Z(D A ) 
induced by I, i.e. p = (1 — £). The extension w of v to D A is defined by 

w (d) = — v (nr DA/z{DA) (d)) 

for every d € Da- We then compute the ramification index 

e(D A /Z(D A )) = [w(D*):v(Z(D A ) x )}. 

The definition of w implies that e(D/Z(D)) < sd a - As Qi(rf) = Q/(C) is totally ramified over 
L = Qz(0> we have 

N Qj(C)/Q«(0( 1 -0 = f (1-0 
for a unit z/ in the valuation ring of Qz(£)- 

We now choose d = 1 — ( £ M A C D A and compute 

«>(1 - = -^-v(nr£, A/z(£ , A) (l - 0) = 7-«(Nm a /z(d a )(1 - 0) 

= ^-«(Nq i( o/q,(€)(i - 0) = -^(Ki - 0) = 

This implies that e(D A /Z(D A )) > sd a and finally e{D A /Z(D A )) = so A . By the equation 



s 2 Da = [D A : Z(I> A )] = e(D A /Z(D A ))[D A : Z(D A )} = s Da [D a : Z(D A )], 
we achieve that 



[D a :Z(D a )]=s Da . 

Next, we consider N A := Z(D A )(<y Vx )- We have seen that Z(D A ) L{{T}} with 7™* -H- 1 + T. 
As 7"* commutes with L and 7 Wx , this implies that iV A is commutative. Moreover, N A = 
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L{{T}}[X]/(f(X)) with f{X) = X w x/ V x _ (1 + T) = X s °* - (1 + T). The polynomial f(X) is 
irreducible modulo p and thus f(X) is irreducible itself. Thus, N A is a subfield Z(D A ) C iV A C D A 
with 



[iV A : Z(D A )} = [N A : Z(D A )} = s Da = [D A : Z(D A )}. 
We finally conclude that D A = N A is commutative. □ 



3.2 Adapting Saito's result 

We show, using a geometrical result of S. Saito, that the centres of the Wedderburn components 
of QG are of cohomological dimension 3. This reduces the uniqueness of G in the main conjecture 
of equivariant Iwasawa theory to a conjecture by Suslin which says that SK\{D) = 1 if Z{D) is 
of cohomological dimension 3 and D is of finite degree over Z{D). For details on the conjecture, 
we refer to [19]. Our computations also justify the remark in [15, p. 565] that the centre fields in 
Z(QG) have cohomological dimension 3 by a result of Kato (which was published by S. Saito in 
[18]). 

Theorem 2 Let D be the underlying skew field of a simple component of QG. Then 

cd{Z(D)) = 3. 

For the proof of the theorem, we essentially need Theorem 5.1 of [18]: 

Theorem 3 (S. Saito) Let A be a 2-dimensional excellent normal henselian local ring, Ka its 
field of fractions and Fa its algebraically closed residue field. Then 

cdp(KA) = 2 for every prime number p ^ char(i^A)- 

Proof of Theorem 2: We have Z(D) = Q L T Wx = Q^'(Or w x for a primitive /-power root of 
unity £. In the completed situation, we have seen that the cohomological dimension is 3. Thus, 
in the uncompleted case, the cohomological dimension is at least 3 by the following: For any 
field E, let Gal(i^) denote its absolute Galois group. Then, Gal(Q A F w x) is a closed subgroup of 
G&\(Q L r Wx ) because it is the decomposition group of some prime above p, where the completion 
is with respect to p. Thus, [12, (3.3.5)] shows the claim: 

3 = cd(Q^r^) < cd(Q L r^). 

Furthermore, we see that cd(Q Ql ^T w x) < cd(QT w x) again by [12, (3.3.5)] because Gal(Q Q '^r^) 
is a closed subgroup of Gal(QT w x). 

We thus consider the problem whether cd(KA) = 3 for Ka = QT w x and A = XT W *. Then, 
cd(Q L r w *) < 3 follows. 
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The residue field F A = A/m = Z;[[T]]/(Z, T) = F; is not algebraically closed and we thus can 
not apply Saito's theorem directly. To achieve the algebraic closure, we replace A by the ring 
A' = limZ/[Ci][[T]] = UZ/[Ci][[T]] with = 1 and Q a primitive root of order i. 

First, we look more closely to A'. Set / = N\ZN the set of natural numbers coprime to I. This is 
filtered with the relation i < j :44> i | j. We set 

A l = umn = u[nu 

and define for i < j the inclusion ifij : Ai — > Aj. Then, A' := lini Aj = \JAi is the filtered 
inductive limit of (Ai,<pij). 

Moreover, A' is locale-ind-etale in the sense of [13, p. 80] by the following: locale-ind-etale means 
that A' is the filtered inductive limit of some (Ai , ifij ) , where the ifij are local morphisms and the 
Ai are locale-etale A-algebras. First, Ai is local with maximal ideal rrij = (I, T) because I and i are 
coprime. Next, ipij : Ai — >• Aj is local, i.e. y~ 1 (tTi 7 ) C m,, because rrij and vcij are both generated 
by I and T. Ai is said to be locale-etale over A if it is the localization B n of an etale A-algebra 
B by a prime ideal n over m. We choose B = Ai and n = = (l,T). Then B n = B = Ai. 
Thus, we only have to show that Ai is etale over A. To do so, we use [4, (18.4.5)]. A and Ai 
are local rings. Moreover, Ai = A[d] = A[X]/(F(X)), with F(X) an irreducible polynomial 
dividing the i-th cyclotomic polynomial, is a finite A-algebra of finite presentation. F is unitary 
and separable in the meaning of [4, p. 118], i.e. F'(Q) £ rtij = (l,T) for the generator Q of A4 over 
A with minimal polynomial F, which can be seen as follows: F'(d) £ rrij = (l,T) is equivalent to 
# modmj or F'(&) ^ in Aj/ttti = F/(Ci) = ^z[Ci]/(0- Because is unramified over 

Zj , we know that F is also the minimal polynomial of Q over F/ and in particular irreducible and 
separable. Thus, F'(Q) ^ in ¥i(d) and hence F is a unitary separable polynomial as needed. 
Hence, [4, (18.4.5)] implies that Ai is an etale ^4-algebra. 

Now, we have K A > = Quot(^4') = Qf r Ka and 

G(K A ,/K A ) * GiQf/Qi) = Z. 

Assume for the moment that A' fulfils the conditions of Saito's theorem and thus cd p (K A /) = 2 
for all p 7^ char(i^^/) = 0, i.e. cd(i^^i') = 2. 

Ga\(K A ') is a closed normal subgroup of Gal(-fd), therefore cd(Z) = 1 (see [12, p. 140]) and [12, 
(3.3.7)] imply 

cd(K A ) < cd(K A /) + cd{Gal{K A )/Gal{K A ,)) 

= cd(K A /) + cd{G{K A ,/K A )) = cd(K A ,) + cd(Z) = 3. 

Now, we show that A' fits into the situation of Saito. First, we observe that by construction of 
A' , the residue field F A > of A' is the separable closure of F A = Fj. Moreover, F A is perfect as a 
finite field and thus its separable closure F A < is already algebraically closed, i.e. F A > = Ff. 
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Next, we show that A' is local. We use [13, Prop 1, p. 6] which says that the filtered inductive 
limit A' is local because the ipij are local morphisms and the Ai local rings. Moreover, the proof 
of [13, Prop 1, p. 6] shows that the maximal ideal of A' is m' = (l,T). 

Analogously, we show that A' is henselian. The Ai are henselian because they are local and 
complete in the trij-adic topology (see [12, p. 242]). Thus, A 1 is henselian again by [13, Prop 1, 
p. 6]. 

For A' to be normal, we show that every integral quotient | G Ka> lies in A'. There exists a 
finite subextension A C Ai C A' with a,b G Ai. Then, Ai is normal as finite extension of the 
normal ring A. Hence, we conclude f G Ai and thus | G A'. 

The Krull dimension of A' is 2 as needed: Let (l,T) 2 Pi 2 P2 be a descending chain of prime 
ideals in A'. We cut down this chain to every Z/[£j][[T]] = Ai. Because the maximal ideal 
of this Z;[(j][[T]] is also generated by I and T, the section of (l,T) remains the maximal ideal 
and Ai n (l,T) 2 M H pi (otherwise pi = (l,T), a contradiction). We show that p2 = 0. For 
this, assume that p2 ^ 0, i.e. there exists an element ^ a G p2 and a certain £j such that 
a G Z^[(j][[T]]. But Z/[("j][[T]] has dimension 2 and therefore pi and p2 coincide for Z/[£j][[T]]. 
Thus, pi and p2 coincide for all Z/[^][[T]] with Q a primitive root of unity of order prime to I 
such that Cj I d- Finally, pi = p2 in A' because these Zj[£j][[T]] already generate A'. 

It remains to show that A' is excellent. First, we check that A' is Noetherian. For this, we use 
[13, Thm 3.3, p. 94] which says that the locale-ind-etale ^4-algebra A' is Noetherian if and only 
if A is Noetherian. But A = Z/[[T]] is Noetherian because it is a power series ring over the 
Noetherian ring Z; by [7, Thm 9.4, p. 210]. Next, A is a Noetherian local ring and complete in 
its m-adic topology (see [12, p. 242]). Thus, A is excellent by [9, p. 260]. Then, [3, Thm 5.3.iv] 3 
implies that A' is also excellent because the inclusion A — >■ A' is ind-etale and thus AF, compare 
[3, Dcf 5.1.]. 

This concludes the proof of the theorem. □ 
Corollary 5 For the group F = Zj we have 

cd(Qr) = 3. 
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